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Abstract
A cantilever is a beam that is fixed at one
end and free to oscillate on the other end.
It is used in an atomic force microscope and
a computer hard drive, for example. In this
experiment, a cantilever was set up using a
long, flat metal beam, and its motion was
captured at 600 fps using high-speed video.
The video was analyzed to determine how
the frequency of oscillation depends on the
length of the beam. In addition, the video
was studied to determine the relative con-
tribution of different modes of oscillation to
the equation of motion of the beam. In this
poster, the high-speed video, the differen-
tial equation and solution for the cantilever,
and the results of the video analysis are pre-
sented.

http://www.understandingcalculus.com/chapters/11/

Background
The vertical displacement of a point on the
beam at location x and time t is determined
by

∂2u

∂t2
= −α2∂

4u

∂x4
(1)

where α2 = K
ρ , K is the rigidity, and ρ is the

linear density of the beam.
The initial conditions are:
•u(x, 0) = f (x), where f (x) is the initial

displacement of each point on the beam

• ∂u∂t(x, 0) = g(x), where g(x) is the initial ve-
locity of each point on the beam

Using the method of separation of variables,
the periodic solution can be written as a
product of a function of x and a function of
t:

u(x, t) = X(x)T (t) (2)

The boundary conditions are:

u(0, t) = 0 (bar is held fixed at the fixed end)
∂u

∂x
(0, t) = 0 (bar is horizontal at the fixed end)

∂2u

∂x2
(L, t) = 0 (bending moment = 0 at the free end)

∂3u

∂x3
(L, t) = 0 (shear stress = 0 at the free end)

The general solution for the beam equation is

u(x, t) =
∞∑
n=1

Xn(x)Tn(t) (3)

The boundary conditions and the wave equation can
be used to show that

Xn(x) = (sinh(βnL) + sin(βnL))(cos(βx)− cosh(βx))−
(cosh(βnL) + cos(βnL))(sin(βx)− sinh(βx))

Tn(t) = An cos(ωnt) +Bn sin(ωnt)

and the natural frequencies are

ωn =

√√√√ K

ρL4
(βnL)2 (4)

where βnL satisfy cos(βnL) cosh(βnL) = −1. The val-
ues of βnL are found from the intersections of the
graphs y = cos(βnL) and y = −1/ cosh(βnL) as shown
below.

The first three modes of oscillation are: β1L = 1.875,
β2L = 4.694, and β3L = 7.855.

Apparatus
•Aluminum bar: .914 m long, .048 m wide, and .002

m tall; mass is 0.2984 kg
•High-speed camera
•A meterstick clamped to a vertical pole for calibra-

tion
•A clamp hold the fixed end of the bar

Experiment 1
The first experiment was to determine if differ-
ent initial amplitudes have an effect on angular
frequency. Four different amplitudes were ana-
lyzed at a bar length of 0.50 m.
Amplitude (cm) Angular Frequency, ω (rad/s)

5.8 3.03
7.1 3.03
9.4 3.04

11.0 3.05
From this data it is determined that ω is inde-
pendent of amplitude.

Experiment 2
The frequency of the free end of the beam was
measured for various lengths of the bar. There
were 3 trials at each length, and the average an-
gular frequency was calculated. After marking
the end of the beam, a sine wave was fit to y vs. t
as shown below.

From the curve fit, the angular frequency was de-
termined. Results were:

L (m) ωave (rad/s)
0.40 4.71 ± .008
0.50 3.02 ± .002
0.60 2.11 ± .002
0.70 1.56 ± .002

The uncertainty in the angular frequency is the
standard deviation of four trials.

Results
For the initial conditions of the bar in this experiment,
the dominant mode of oscillation is for n = 1 which
corresponds to β1L = 1.875 rad.

A graph of ω1 vs. L is shown below.

The best-fit curve is,

ω =
A

L2
(5)

where A =
√
K
ρ (β1L)2

Using ρ = 0.3265 kg/m, β1L = 1.875, and A = 0.7548

m2/s, the rigidity of the bar was found to be

K=0.0151 N·m2

The graph verifies that ω ∝ 1/L2 as expected from Eq.
4.
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